Multi-type recurrent event data occur frequently in longitudinal studies. Dependent termination may occur when the terminal time is correlated to recurrent event times. In this article, we simultaneously model the multi-type recurrent events and a dependent terminal event, both with nonparametric covariate functions modeled by B-splines. We develop a Bayesian multivariate frailty model to account for the correlation among the dependent termination and various types of recurrent events. Extensive simulation results suggest that misspecifying nonparametric covariate functions may introduce bias in parameter estimation. This method development has been motivated by and applied to the lipidlowering trial component of the Antihypertensive and Lipid-Lowering Treatment to Prevent Heart Attack Trial.
Introduction
Recurrent events of the same type occur frequently in longitudinal clinical trials and observational studies. Examples include repeated lung infections in people with cystic fibrosis, 1 recurrent shunt failures in children with hydrocephalus, 2 and recurrent strokes in older adults. 3 An important feature of recurrent events is that the event times within the same subject are correlated. The correlation among event times violates the independence assumption of the Cox proportional hazards model. As a result, the Cox model produces estimates that are both biased and insufficient in the context of repeated events. [4] [5] [6] Many authors have investigated the analysis of recurrent event data, e.g. Vaida and Xu, 7 Ibrahim et al., 8 Pepe and Cai, 9 and Lin et al. 10 Moreover, multi-type recurrent event data arise when one subject experiences two or more different types of recurrent events during the course of the study. A scientific objective is to examine covariate effects on the risks of different types of recurrent events. Different types of recurrent events may be correlated to each other, e.g. acute myocardial infarction increases the occurrence of heart failure. 11 Therefore, it may not be sufficient to perform separate analyses for each type of recurrent events, while ignoring the correlation among event types. 12 To this end, Cai and Schaubel 13 proposed a class of semiparametric marginal mean/rates models for multi-type recurrent event data with a general relative risk form and established a partial likelihood score function to estimate the covariate effects. Chen et al. 12 used the Gibbs sampling algorithm to fit a Bayesian model for the interval-censored recurrent event data.
Another important feature of recurrent event data is that recurrent events are often subject to termination. Such termination may be either independent (the terminal time is independent of the recurrent event times, e.g. administrative censoring, dropout due to moving) or dependent (the terminal time is correlated to the recurrent event times) on the recurrent events. Dependent termination has a non-neglectable impact on the occurrences of the recurrent events. For example, the risk of recurrent strokes is positively associated with the risk of death, and no further stroke events can occur once the patients die. Ignoring dependent termination leads to bias in model parameter estimation. [14] [15] [16] To resolve this issue, Chen and Cook 17 developed methods for treatment comparison in
Data and joint models 2.1 Motivating clinical trial
This methodological research is motivated by the LLT component of the ALLHAT study, 24 referred to as the ALLHAT-LLT study, which was a randomized, non-blinded, large pragmatic trial conducted from February 1994 through March 2002 at 513 clinical centers in the United States, Puerto Rico, US Virgin Islands, and Canada. 25 The principal objective of the ALLHAT-LLT study was to evaluate the impact of large sustained cholesterol reduction on all-cause mortality in a hypertensive cohort. Other outcomes included CHD (composite of fatal coronary heart disease and nonfatal myocardial infarction), stroke (fatal and nonfatal), and heart failure (hospitalized or fatal). A total of 10,355 subjects were randomly assigned to receive either pravastatin (5170 subjects) or usual care (5185 subjects). The detailed results of the ALLHAT-LLT study are described in the final ALLHAT-LLT article. 25 The follow-up time was 4.8 years in mean duration, with a maximum of 7.8 years. At the end of the trial, 84.8% of subjects were known to be alive, 12.3% were confirmed dead, 0.5% were reported dead with confirmation pending, and 2.4% were lost to follow-up or withdrawal from the study. We excluded the subjects with death confirmation pending and those with missing data in covariates and obtained the final dataset with a sample size of 9901. The subjects who were alive at the end of the trial or lost to follow-up during the trial are considered as independent termination (right censored), and the time to the last follow-up visit is used as the survival time.
During the follow-up of the study, subjects may experience three types of recurrent cardiovascular disease events (CHD, stroke, and heart failure) before death or censoring. To visualize the data structure, Figure 1 displays the event occurrence times (from randomization) for four selected subjects. The follow-up times are displayed on the x-axis and the subjects' IDs are on the y-axis. For example, subject 2 experienced one CHD event at 4.4 months and one stroke event at 35.7 months before he/she died at 67.6 months from randomization. Some important characteristics of the data are (a) each subject may experience multiple occurrences of one type of events (e.g. subject 3 had four recurrent heart failure events, while subject 4 had three recurrent CHD events); (b) subjects may experience more than one type of recurrent events prior to death or censoring (e.g. subjects 2, 3, and 4); (c) the frequencies and event times of the recurrent events vary across subjects. Table 1 lists the numbers of subjects with various types of recurrent CHD, stroke, and heart failure events. For example, in the pravastatin group, 331 subjects had one CHD occurrence and 29 subjects had at least two CHD occurrences. There were 583 and 596 allcause mortalities in the pravastatin and usual care groups, respectively. If mortality occurred immediately after the occurrence of CHD, stroke, or heart failure, then the time to all-cause mortality and the time to the last recurrent event are identical.
Subjects with at least one type of cardiovascular disease events have higher risks of all-cause mortality and other types of cardiovascular disease events than subjects without any cardiovascular disease events. 20, 26, 27 To visualize these correlations, Figure 2 displays the estimates of cumulative hazard rates of death (panel a), CHD (panel b), stroke (panel c), and heart failure (panel d). Panel a suggests that subjects with occurrences of CHD, stroke, or heart failure had higher cumulative hazard of death than those without. This phenomena manifest the strong correlation between the recurrent cardiovascular disease events and death. Similarly, panels b, c, and d suggest that subjects with occurrence of one type of cardiovascular disease events had higher cumulative hazards of other types of cardiovascular disease events than those without. Moreover, among the risk factors for cardiovascular disease events, age is the most important one; and it has been suggested that the age effect on the risk of cardiovascular disease events is nonlinear. 20, 28 Therefore, it is essential to develop a joint model framework for the analysis of the multi-type recurrent events (CHD, stroke, heart failure) and the dependent termination (all-cause mortality) with nonlinear covariate functions.
Joint models of multi-type recurrent events and dependent termination with nonparamertric covariate function
Let r ij (t) be the hazard function of type j recurrent events for subject i at time t since study onset, where i ¼ 1, . . . , I, and j ¼ 1, . . . , J. To analyze recurrent event data, the time scale can be gap times (time between two successive events) or calendar time (time since study onset). This article focuses on calendar time while the proposed method Figure 1 . Time plots of four selected subjects with occurrences of CHD, stroke, heart failure, and death or censoring.
can be applied to both time scales. Let n ij be the number of type j recurrent events, and t ijr be the time to the rth (r ¼ 1, . . . , n ij ) occurrence of type j recurrent event of subject i, since study onset. All types of recurrent event are stopped by T i ¼ minðD i , C i Þ, where D i is time to a terminal event (e.g., all-cause mortality) and C i is time to censoring (e.g., end of study or dropout). Let i (t) be the hazard of death for subject i at time t and the death indicator be 
where r 01 ðtÞ, . . . , r 0J ðtÞ, and 0 (t) are baseline hazard functions for all types of recurrent events and the terminal event, respectively, b 0 , b 1 , . . . , b J are the regression coefficient vectors associated with the covariate vector X 0 i ðtÞ. The covariate vector could be different in the hazard functions of different events and could be time-dependent. The covariate Z i has nonlinear effects on the hazard functions of the recurrent events and terminal event. And, The nonparametric covariate functions in survival analysis have been widely investigated in the literature. [29] [30] [31] In equation (1) , the nonparametric functions can be modeled by penalized splines. The crucial problem is how to select the number and locations of knots. In general, a large number of knots can ensure satisfactory fit and can capture the variability of the data, but can also dramatically increase the computational overhead. Thus, the idea of using fewer spline knots has been discussed, e.g. O'Sullivan 32 and Kelly and Rice. 33 Higher degree basis functions may need smaller number of knots than the linear spline basis functions. To this end, Ruppert and Wand 34 suggested that quadratic or cubic regression splines can fit the data better than the linear splines when the number of knots is small. However, the columns of the model matrix for cubic splines tend to be highly correlated because each column is a transformed version of z, which can induce considerable collinearity, 35 resulting in a nearly singular model matrix and imprecision in the spline fit. 34 In comparison, the cubic B-spline basis rescales the cubic spline basis and is remarkably more stable in numerical computation. Therefore, we adopt the cubic B-spline basis and denote the spline model as f j ðzÞ ¼ P m k¼1 u jk B k ðzÞ, where BðzÞ ¼ ðB 1 ðzÞ, B 2 ðzÞ, . . . , B m ðzÞÞ is the vector of rescaled spline basis as
Gray 36 suggested to use cubic B-spline with fairly small number of basis functions (10-20 knots) and that the number of knots has little effect on the fixed effects parameter estimation.
Moreover, we approximate the baseline hazard functions using piecewise constant functions, which have been frequently used in survival and event history data analysis. 37, 38 Lawless and Zhan 39 demonstrated that models with piecewise constant baseline hazard functions using 8 to 10 intervals often yield excellent estimation for fixed and random effects parameters. More precisely, we divide the follow-up time into S intervals, where each interval has 1/S quantile of the distinct terminal event times, denoted by 0 ¼ Q 
Likelihood formulation
For notational ease, we denote the vector of B-spline coefficients for event type j as u j ¼ ðu j1 , . . . , u jm Þ and denote the corresponding smoothing parameter as j , for j ¼ 0, 1, . . . , J, with j ¼ 0 denoting the terminal event. To avoid over-fitting by splines, we impose the penalty based on finite differences of the coefficients of adjacent B-splines. 40 This type of penalty is a discrete approximation to the traditional integrated square of the finite derivation and it reduces the computation complexity. Define the coefficients for the first-order differences as Áu jl ¼ u jl À u jlÀ1 , the penalized log-likelihood conditional on the random effects vector b i is
where
where the parameter vector h ¼ ðb 0 , b 1 , . . . , b J , 1 , . . . , J , RÞ and l^m ¼ minðl, mÞ.
Bayesian inference 3.1 Prior specification
In the classical approach, the selection of smoothing parameters via cross validation is difficult to implement and often fails when the number of smooth functions is large. 41 Lang and Brezger 41 derived the Bayesian B-spline that replaced the penalties by random walk prior distributions. To do this, the prior distributions for the vector of Bspline coefficients u j can be expressed as u j1 $ UniformðÀ10, 10Þ and u jl ju jlÀ1 $ Nðu jlÀ1 , j Þ, where j ¼ 0, . . . , J and l ¼ 2, . . . , m, and the variance parameter j controls the amount of smoothness of spline functions, and it corresponds to the smoothing parameter j in model (2) . We augment the parameter vector as
We impose the prior distribution j $ Gammað0:01, 0:01Þ, which is a non-informative prior distribution with mean being 1 and variance being 100.
Because no prior information of the model parameters is available, we specify non-informative prior distributions for all unknown parameters. A commonly used prior distribution for the covariance matrix R is an inverse-Wishart distribution because it is a conjugate prior distribution. However, the inverse-Wishart distribution uses a single parameter to control the precision of all entries in matrix R. Thus, using the standard ''noninformative'' inverse-Wishart prior distribution is not essentially noninformative. 42 To this end, we reparameterize the covariance matrix R using the Cholesky decomposition. This approach is widely used in survival and longitudinal data analysis and yields satisfactory results.
12,37 Specifically, we let R ¼ WW 0 , where W is a lower triangular matrix with real and positive diagonal entries. Let lm be the (l, m)th entry of W for 1 m l J and let the vector a i ¼ ða i1 , . . . , a iJ Þ 0 follow a standard normal distribution. Then the random effects vector b i ¼ Wa i has mean 0 and variance R. Moreover, the entries of matrix R can be expressed as lm ¼ P l^m k¼1 lk mk , where 1 l, m J and l^m ¼ minðl, mÞ. We impose Uniform(0, 20) prior distribution on the diagonal entries kk , k ¼ 1, . . . , J, to ensure non-negativity and Uniform(-10, 10) prior distribution on the off-diagonal entries of É to allow for possible negative correlation. We assign the N(0, 100) prior distribution for covariate effects b 0 , b 1 , . . . , b J and for the parameters 1 , . . . , J . The baseline hazard functions for the recurrent and terminal events are divided into 10 pieces, and the baseline hazard within each piece has a prior distribution Gammað0:01, 0:01Þ. We have investigated other selections of non-informative prior distributions and obtained very similar results in both the simulation studies and the application to the ALLHAT-LLT study.
Model fitting
To obtain the estimates of the parameter vector, we use Bayesian inference based on Markov Chain Monte Carlo (MCMC) to sample from the joint posterior distribution. The MCMC sampler is implemented using BUGS language 43 by specifying the log-likelihood function (2) and the prior distributions of all unknown parameters. The convergence of the MCMC chains is assessed via monitoring MCMC chain histories, autocorrelation plots, and density plots. In addition, we run multiple chains with disperse initial values and compute the Gelman-Rubin scale reduction statistics (R) to ensureR of all parameters smaller than 1.1. 44 From the MCMC samples, we estimate the posterior means, posterior standard deviations, and 95% credible intervals of parameters. To facilitate easy reading and implementation of the proposed methodology, we include a sample BUGS code in the Web Supplement.
Model selection criteria
Among the various model selection methods available in Bayesian inference, we select the deviance information criterion (DIC), expected Akaike information criterion (EAIC), expected Bayesian information criterion (EBIC), 45 and log pseudo-marginal likelihood (LPML). The deviance information criterion (DIC) assesses model fit based on the posterior mean of the deviance and a penalty on the model complexity. 46 Because of the mixture framework in our model, we use the DIC 3 measurement. 47 The DIC 3 is defined as
jhÞg is a measure of the effective number of parameters in the model, and E hjD ð:Þ is the expectation with respect to the joint posterior distribution ðhjDÞ. Thus, we have
A smaller value of DIC 3 indicates a better-fitting model. The EAIC and EBIC can be estimated as
Conditional predictive ordinate (CPO)
45 is a cross-validation predictive method that evaluates the predictive distribution of the model conditioning on the data but with one subject deleted. The CPO for subject i is defined as
, where D is the full data, D ðÀiÞ is the data with subject i deleted.
In the absence of a closed form, a Monte Carlo approximation of CPO i can be obtained using the harmonic-mean approximation 48 as d 
Simulation study
We conduct a simulation study with two settings to compare the performance of three models: joint model (equation (1)), reduced model (the recurrent and terminal events are modeled independently with j ¼ 0 for j ¼ 1, . . . , J in equation (1)), and parametric model (model the nonparametric covariate functions in equation (1) as linear functions). In each simulation setting, we generate 400 datasets with 500 subjects in each dataset. For each subject, we simulate two types of recurrent events and a terminal event. The hazard functions of the multitype recurrent events and terminal event are defined as follows
where the baseline hazard functions follow Weibull distributions with r 01 ðtÞ ¼ 0:2t 0:5 , r 02 ðtÞ ¼ 0:1t, and 0 ðtÞ ¼ 0:02t. The nonlinear smooth functions are f 1 ðZÞ ¼ ðsinð3ZÞ þ Z 2 Þ=5 and f 2 ðZÞ ¼ cosð4ZÞ=5 þ Z 2 =3. Note that variable Z is linear in the terminal event model to be consistent with our data application because the preliminary analysis of the ALLHAT-LLT dataset does not support nonparametric age function as detailed in Section 5. We generate variables X and W as binary variables taking values 0 and 1 with probability 0.5 and generate variable Z from the uniform distribution between -2 and 2. The regression coefficients are 1 ¼ 1, 2 ¼ 1:5, 0 ¼ 0:5, 1 ¼ À1, and 2 ¼ 2. We assume the random effects vector
where the covariance matrix R ¼ fð0:64, 0:32Þ, ð0:32, 1:6Þg. The censoring time is generated as C i ¼ 15 þ uniformð0, 6Þ. We use the statistical inference procedure described in Section 3 to estimate the unknown parameters in the model. We set the number of pieces to be 10 in all baseline hazard functions and set the number of knots to be 10 in all nonparametric functions. We have used different numbers of knots and pieces and have obtained very similar results. In each simulation setting, we run two parallel MCMC chains with over-dispersed initial values. Each chain is run for 10,000 iterations. The first 5000 iterations are discarded as burn-in, and the remaining 5000 samples are used to obtain the posterior distributions of the parameters. The computation time of all three models is approximately 25 min. We compute bias (the average of posterior means minus the true values), the standard deviation of the posterior means (SD), the square root of the average of the posterior variance (SE), and coverage probability (CP) of 95% equal-tail credible intervals. Table 2 displays the simulation results of both settings (upper and lower table for simulation settings I and II, respectively).
In simulation setting I, there is no correlation between the multi-type recurrent events and terminal event ( 1 ¼ 2 ¼ 0), and the percentage of censoring is around 20%. The reduced model is the true model in this setting. The simulation results suggest that both the joint and reduced models generate comparable results, with small bias, SE close to SD, and coverage probabilities close to the nominal value of 95%. Under model overparameterization, the estimates of parameters 1 and 2 from the joint model are correctly close to zero, suggesting that the joint model is still a reasonable model in this simulation setting. However, by misspecifying the nonparametric covariate functions, the parametric model gives biased estimates and low coverage probabilities for all parameters, except the regression coefficients in the survival sub-model. In Figure 3 , we present the joint model estimates (dotdash lines) with 95% pointwise credible intervals (dashed lines) of the nonparametric covariate functions f 1 (Z) (panel a) and f 2 (Z) (panel b) with the true functions (solid lines), in addition to their coverage probabilities of the 95% pointwise credible intervals (panel c for f 1 (Z) and panel d for f 2 (Z)). Panels a and b suggest that the estimated nonparametric functions by the joint model are reasonably close to the true functions, with 95% pointwise credible intervals always covering the true functions. In panels c and d, the empirical coverage probabilities on all values of Z are close to the nominal level of 95%.
In simulation setting II, there is a positive correlation between the recurrent events and terminal event ( 1 ¼ 0.3 and 2 ¼ 0.5), so that the subjects with higher risks of recurrent events tend to have a terminal event earlier. The joint model is the true model in this setting. The percentage of censoring is also around 20%. The joint model generally provides estimates with negligible bias, SE close to SD, and CP reasonably close to 95%. These results suggest that the joint model can successfully recover the true parameters in the presence of a dependent terminal event and nonparametric covariate functions. In contrast, the reduced model gives severely biased parameter estimates and low coverage probabilities, especially for the regression coefficients b and a, because it misspecifies the model for the terminal event. The parametric model provides poor estimation on all parameters including a, even though there is no nonparametric covariate function in the hazard function of the terminal event. This is because the parametric model treats the nonparametric functions as linear, and it fails to capture the true between-subject variation in the risks of recurrent events. Figure 4 displays the joint model's estimated nonparametric functions and their coverage probabilities in the simulation setting II. Similar to setting I, the estimated nonparametric function performs well in recovering the true covariate functions. To justify the use of non-parametric covariate functions, we have added a simulation study to examine whether polynomial regression models can sufficiently estimate the nonlinear covariate functions. Polynomial regression models using higher-order polynomials are commonly used to fit a nonlinear relationship between the explanatory variable and response variable. In simulation settings I and II, we adopt cubic polynomial models to estimate the nonlinear smooth functions f 1 (Z) and f 2 (Z), respectively, using f 1 ðZÞ ¼ z i 11 þ z In conclusion, the simulation results suggest that in the scenario of independent termination, the joint model provides results comparable to the reduced model, and both outperform the parametric models with both linear functions and polynomials. In the presence of a dependent terminal event and nonparametric covariate functions, the joint model provides more accurate parameter estimates than the reduced model and the parametric models with both linear functions and polynomials.
Application to ALLHAT-LLT data
In this section, we apply all three models to the motivating ALLHAT-LLT study. We consider three types of recurrent events (CHD, stroke, and heart failure) and a terminal event (all-cause mortality). We use two parallel chains with overdispersed initial values and run each chain for 20,000 iterations. The first 10,000 iterations are discarded as burn-in, and the parameter estimates are based on the remaining 10,000 iterations from each chain. For baseline hazard functions, we use piecewise constant functions with 10 intervals by every 1/10th quantile. The nonparametric functions of age in the hazard functions of the three types of recurrent events are estimated by Bayesian B-splines with 10 knots. Good mixing properties of the MCMC chains are observed in the trace plots.
Previous studies suggest a number of risk factors for the cardiovascular disease, including older age, male gender, hypertension, diabetes, tobacco use, excessive alcohol consumption, excessive sugar consumption, family history of cardiovascular disease, obesity, lack of physical activity, and air pollution, among others. 26, 51 Based on the data availability, we include the following covariates in the models for recurrent events and all-cause mortality: LLT randomization group (llt ¼ 0 for pravastatin, 1 for usual care), gender (gender ¼
, age, body mass index (bmi), systolic blood pressure (sbp), diastolic blood pressure (dbp), highdensity lipoprotein cholesterol (hdl), and low-density lipoprotein cholesterol (ldl).
To investigate the linearity of the age effects on the multi-type recurrent events and all-cause mortality, we conduct a preliminary analysis for all these events separately using coxph function with option cluster (to analyze the recurrent events) and pspline (to use a penalized spline basis) in R package survival.
31 Table 3 compares the models with either linear or nonparametric age functions using the Akaike information criterion (AIC). All recurrent event hazard models with nonparametric age functions have smaller AIC than their counterparts with linear age functions, suggesting that nonparametric age functions are preferable in modeling all three types of recurrent events. However, the mortality hazard model with linear age function has smaller AIC compared to the counterpart with nonparametric age function, suggesting that linear age function is more appropriate in modeling the hazard of mortality. Therefore, we include nonparametric functions of age in the hazard models of the multi-type recurrent events.
To assess the performance of all three models (the joint, reduced, and parametric models), we use the model selection criteria discussed in Section 3.3. Table 4 presents DIC 3 , EAIC, and EBIC, and LPML values for all three models. The results suggest that the joint model outperforms the other two models in all criteria with smaller DIC 3 , EAIC, EBIC, and larger LPML, and it is selected as the final model. Table 5 compares the posterior mean, standard deviation (SD), and 95% equal-tail credible intervals from all three models. We find that there is no significant difference between the usual care and pravastatin treatment in the risks of CHD (HR¼ expð0:128Þ 25 The results in Table 5 , which is also consistent with the literature. 52 The complete lists of covariate effects are given in Web Tables 1 to 4 .
Moreover, Table 5 . This phenomenon suggests that the subjects with one type of cardiovascular disease events (CHD, stroke, or heart failure) are very likely to experience another type of cardiovascular disease events than those without. Moreover, the risk of having recurrent CHD events is positively associated with the hazard of allcause mortality ( 1 ¼ 1:671, 95% CI [0.943, 2.680]), conditional on the observed risk factors. It suggests that subjects with CHD events tend to die earlier. However, the other two types of recurrent events (stroke and heart failure) do not show significant correlation with all-cause mortality in this study.
To visualize the nonparametric covariate functions, Figure 5 displays the estimated covariate functions of age (solid lines) in the risks of CHD (left panel), stroke (middle panel), and heart failure (right panel) from the joint model, along with the 95% pointwise credible intervals (dashed lines). The results suggest that risks of cardiovascular disease events (CHD, stroke, and heart failure) increase as age increases, but not in a linear fashion. In general, age increases the risks of cardiovascular disease events more rapidly at older ages than at younger ages. On average, the hazard ratio of CHD for one year increase in age is 1.048 (95% CI [1.029, 1.064]) when age is less than 80 years. After that, the hazard ratio increases to 1.124 (95% CI [1.043, 1.190] events are linked together via shared random effects, which represent the subject-specific heterogeneity in the hazard functions. To model the nonparametric covariate functions, we use the B-spline smooth functions with the penalty terms being replaced by random walk prior distributions. Through these model specification with fairly small number of parameters in piece-wise constant functions and B-spline basis function, satisfactory results can be obtained for a moderate-to-large data sets. The simulation study indicates that in the scenario of independent termination, the joint model provides results comparable to the reduced model, and both outperform the parametric model. In the presence of a dependent terminal event and nonparametric covariate functions, the joint model provides more accurate parameter estimates than the reduced model and the parametric model. In the analysis of the ALLHAT-LLT study, the joint model has a better fit than the reduced model and parametric model. We have identified insignificant pravastatin treatment effects, significant diabetes effects, and nonlinear age effects on the risks of CHD, stroke, and heart failure, but insignificant pravastatin treatment effect, significant diabetes effect, and linear age effect on the hazard of all-cause mortality. Moreover, we conclude that the risk of one type of cardiovascular disease event is positively correlated to other types of cardiovascular disease events, and the risk of CHD is positively correlated to the all-cause mortality. For simplicity of illustration, we include only one nonparametric covariate function for each type of recurrent events. Additional nonparametric covariate functions can be incorporated using the same approach. The Bayesian B-spline we adopt is capable of modeling a moderate to reasonably large number of nonparametric regression functions simultaneously. 41 Our proposed model has some limitations that we view as future research directions. We have chosen a multivariate normal distribution for the random effects vector because it is flexible in modeling the covariance structure within and between various types of recurrent events, and it has meaningful interpretation on correlation. Due to these reasons, it has been used in modeling multi-type recurrent event data in several articles. 12, 19 In generalized linear-mixed models, misspecification of random effects distribution has little impact on the parameters that are not associated with the random effects. [53] [54] [55] The impact of random effects misspecification in our joint model framework warrants further investigation. One limitation is the shared random effects assumption, under which the model of dependent terminal event shares the frailty terms with the models of multi-type recurrent events. While this shared random effects model is easy to implement and has low dimension of random effects distribution, it makes a relatively strong assumption about the association between subject-specific heterogeneity. Molenberghs and Verbeke 56 pointed out that this kind of shared parameter model is a special case of the multivariate frailty model, which, in the current context, assumes that the multi-type recurrent events and terminal events are linked by a four-dimensional vector of correlated random effects with a multivariate normal distribution. Moreover, we have excluded the subjects with missing data in covariates. Missing covariate is a common issue in longitudinal data analysis and is an active research area. Ibrahim et al. 57 gives excellent review of common approaches for inference in generalized linear models with missing covariate data. How to address the missing covariate issue in the proposed modeling framework is an interesting future research direction.
Dynamic prediction of risk of death using the information from recurrent events has recently become a research topic of significant clinical interest. 58 How to conduct the dynamic prediction in the framework of multi-type recurrent events is an interesting further research topic. As a last note, the risks of future disease events may change after some events occur. For example, the incidence of first stroke may elevate the risks of future stroke and other cardiovascular disease events. Several multi-state models have been studied in the semi-competing risk data to model the effect of nonfatal event occurrence on the risk of terminal event. 59 In the context of recurrent events, each event can be considered as one state, and the number of states increases as the number of events increases. We would like to assess the event effects in our proposed model as a future research endeavor.
